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Abstract 

We introduce a fractional Yamabe flow involving nonlocal conformally invariant oper- 
ators on the conformal infinity of asymptotically hyperbolic manifolds, and show that on 
the conformal spheres (§", [gs"]), it converges to the standard sphere up to a Mobius dif- 
feomorphism. This result allows us to obtain extinction profiles of solutions of some frac- 
tional porous medium equations. In the end, we use this fractional fast diffusion equation, 
together with its extinction profile and some estimates of its extinction time, to improve a 
Sobolev inequality via a quantitative estimate of the remainder term. 

1 Introduction 

Let (M, go) be a compact Riemannian manifold of dimension n > 2. The following evolution 
equation for the metric g 

^^g{t) = - rg^^,))g{t), g{Q) = go (1) 

was introduced by Hamilton in PTTl . and is known as the Yamabe flow. Here, Rg{t) is the 
scalar curvature of g{t) and rg(i^ = volg(t^{M)~^ fj^j Rg(^f.^dvolg is the average of Rg(t)- The 
existence and convergence of © were estabUshed through f4Tl, f24l, ||72l, (661, fT2l and f\M . 

In [38 1, Graham, Jenne, Mason and Sparling constructed a sequence of conformally in- 
variant elliptic operators, {-Pf }, on {M,g) for all positive integer A; if n is odd, and for k G 
{!,••• , n/2} if n is even. Moreover, Pf is the conformal Laplacian —Lg := — Ap + c{n)Rg 
and P2 is the Paneitz operator. Up to a positive constant -Pf (1) is the scalar curvature of g and 
^1(1) is the Q-curvature. Some higher integer order curvature flows involving P^, such as 
Q-curvature flow, have been studied in Ell, EH, S, US, El, etc. 

Making use of a generalized Dirichlet to Neumann map, Graham and Zworski 1391 in- 
troduced a meromorphic family of conformally invariant operators on the conformal infinity 
of asymptotically hyperbolic manifolds. Recently, Chang and Gonzalez Ii2r,l reconciled the 
way of Graham and Zworski to define conformally invariant operators Pa of non-integer order 



1 



a G (0, §) and the locaUzation method of Caffarelh and Silvestre ifTSl for factional Lapla- 
cian (— A)'^ on the Euclidean space M". These lead naturally to a fractional order curvature 
:= Pa{^), which will be called a-curvature in this paper. There have been several work on 
these conformally invariant equations of fractional order and prescribing a-curvatures problem 
(fractional Yamabe problem and fractional Nirenberg problem), see, e.g., ll64ll . ll36l . ll37l . HSl 
and t49\ . In this paper we study some flow of this fractional order curvature Ra associated 
with Pa on the standard conformal sphere (S", [(?§"]), which is the conformal infinity of the 
Poincare disk with the standard Poincare metric. 

4 

Let (7 be a representative in the conformal class [gs^] and write g = v^-'^'^ ggn, where v is 
positive and smooth on S". Then we have 

n + 2CT 

p9 (^) = y~^ pssn (^y) for any G C7°° (§") . (2) 
Pct^", which is simply written as P^, has the formula (see, e.g., ||9l or ||6TI ) 



where T is the Gamma function and Agg„ is the Laplace-Beltrami operator on (S",5r§n). Let 
Y^'^'^ be a spherical harmonic of degree A; > 0. Since — Agg„yW = k{k + n- 1)Y^^\ 

s(y('=))=ffc + ^Vw and p.(yW) = ^i^ + ! + ^| y(^). 



(4) 

It is also well-known (see, e.g., [.61] ) that P^ is the inverse of the spherical Riesz potential 



K'^ifm = Cn,a 1^ dvolg,^ {() , f G 1^(8^ (5) 

where Cn,a- = 22g7r"/2r(o-) ' 1 ^ P < oo and | • | is the Euclidean distance in M"+^. The 
inverses of spherical Riesz potentials have been constructed in terms of singular integrals in 
1631 and ||651- When a G (0, 1), Pavlov and Samko 163J showed that if v = K''{f ) for some 
/ G LP(§"), then 

Paivm = PAiHO+Cn,-al^^'l^^^dvolg,„{C), (6) 

where c„ = — n — and L„ is understood as lim T in L^fS") sense. 

Consider the normalized total cr-curvature functional 



2CT-n 



S{g) = volg{S^)— Rldvolg, 
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The negative gradient flow of S takes the form 

where is the average of Ra- It is easy to verify that this flow preserves the conformal class 
and the volume of S". By a rescaling of the time variable, we obtain the following evolution 
equation 

^ = -{R9-r3)g. (7) 

4 

If we write g{t) = v"-^'^ {■,t)gsn, then after rescaling the time variable, (|7]l can be written in 
an equivalent form 

-^ = -P^(v)+rlv'', onS", (8) 

where N = {n + 2a) /{n - 2a). 
Let M be the north pole of S" and 

X ■T' I I ^ 

S"\{AA}, X ' 



1 + |a;P ' |xP + 1 _ 
be the inverse of stereographic projection from S^yjA/"} to M". Then 

{P^{^))oF = \JF\-'^{-A)''{\JF\^i<l)oF)), for^G (:;°°(S") (9) 
where \Jp\ = (^j^^^^ and (— A)'^ is the fractional Laplacian operator (see, e.g., ||69]| ). 

n — 2cr 

Hence t) := I Jp| 2n ti(F(x), t) satisfies 

^ = -(-A)'^u + r>^, in M". (10) 

We will call ([7]l, ([8]l or dTOl ) as a (normalized) /racf/ojiaZ Yamabe flow when d G (0, 1). 

As observed in [1211 that the operator P^^^ is related to the Yamabe problem on manifolds 
with boundary (see, e.g., |l23l[32l|33l|4l|43), this fractional Yamabe flow © with cr = 1/2 is 
related to some generalization of Yamabe flow for manifolds with boundary studied in ifTOll . 

Throughout this paper we always assume that < a < 1 without otherwise stated. Our 
first result is the long time existence and convergence of solutions of ^ for any initial data in 
the conformal class of g^n . 

Theorem 1.1. Let g{0) G [gs^] be a smooth metric on Then the fractional Yamabe flow 
d?) with initial metric g{0) exists for all time < t < oo. Furthermore, there exist a smooth 
metric g^o G [(7§n] such that 



Rl°° = rl°° and lim \g(li) - 5oo||c" = 



for all positive integers I. 
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Remark 1.1. If we write goo = vSo '^'^ gs" where Voo is a smooth and positive function on S", 
then Theorem li.il tells that Voo satisfies 



n — 2a 



PaiVoo) = ■ Vi 

whose solutions are classified in Il22\l and / I54I/ . 

We also consider the unnormalized fractional Yamabe flow 

^ = -P^{v) on S" X (0, oo), or ^ = -(-A)'^n in M" x (0, oo). 

The second one is a fractional porous medium equation studied in ||2l, ll27l . |fT9]| . ||28]| and ll50l . 
where it is taken the form 



Ut = -(-A)'^(|up~iii) in X (0, oo), 
u{x,0) = uo{x) inM", 



(11) 



with m = a G (0, 1). Models of this kind of fractional diffusion equations arise, e.g., in 

statistical mechanics ll45l l46l |4T1 and heat control [2 |. 

These fractional diffusion equations have been systematically studied in ll27l and ll28l . It 
is proved in 128] that if uq € L^(M") n LP(M"-) for p > An/{n + 2a), then there exists a 
unique strong solution (see ||28]| for the definition) of (fTTI) . and the solution will extinct in finite 
time. More precisely, if uq is nonnegative but not identically equals to zero, then there exists a 
T = T{uo) G (0, oo) such that u{x, t) > in x (0, T), and u{x, T) = in M". 

We are interested in analyzing the exact behavior of solutions of ([TTI ) near the extinction 
time for fast decaying initial data. In the classical case a = 1, the extinction profiles of 
solutions of porous medium equations have been described in the results of 041 l29l l26l Ul HI 
and so on. 

Theorem 11.21 below describes the extinction profile of u{x,t), which extends the result of 
del Pino and Saez in |[29l to cr G (0, 1). Some estimates of the extinction time T involving 
the sharp constant in the Hardy-Littlewood-Sobolev inequality are postponed to Lemma [6^1 in 
Section [6] 

Theorem 1.2. Assume that uo{x) £ C^(M"') is positive in M". In addition, we assume, for 
(^™)o,i(2:^) '■= |2;p°"~"'u™(x/|xp), that (ti™)o,i(x) can be extended to a positive and 
function near the origin. There exist A > and xq G i?" such that ifT = T{uq) G (0, oo) 
denotes the extinction time of the solution of (1111 ). then 

A_ 

A^ + |x — xol 



(T - i)-i/{i— t) = k{n, a) ( , ^ ) + e{x, t) 
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with 

sup(l + |x|"+^'')6l(x, t) ^ ast^T, 

— 2 n — 2a 

where k{n, a) = ((1 — m)Po-(l)) anJ given in Q. 

An application of Theorem 11.21 is an improvement of some Sobolev inequality. A sharp 
form of the standard Sobolev inequality in M" (n > 3) asserts that 

Sn\\Vu\\L2^Ku) - \\u\\^^^^^^ > (12) 

for all u G H^{W^) = {u E L^(]R") : Vu E L^{W^)}, where 5„ is the sharp constant 
obtained in f3l and fTOl. 

There have seen many results on remainder terms of Sobolev inequalities (see, e.g., lfT6l 
[T5l|6l|25l|20l[3n), which give various lower bounds of the left-handed side of (fT2)) . 

Recently, Carlen, Carrillo and Loss in [20] noticed that some Hardy-Li ttlewood-Sobolev 
inequalities in dimension n > 3 and some special Gagliardo-Nirenberg inequalities can be 
related by a fast diffusion equation. In another recent paper IIBTTI . Dolbeault used a fast diffusion 
flow to obtain an optimal integral remainder term which improves (fT2l) in dimension n > 5. 
Inspired by |20l and 1311 . we consider some Sobolev inequality involving fractional Sobolev 
spaces of order a E (0, 1), compared to those mentioned above corresponding to cr = 1. 

For any a E (0, 1), the Sobolev inequality (see, e.g., [69l or ll30l ) asserts that 

\\u\\l,,^^^<Sn,M%^^ VnEij'^(M") (13) 

where 2* {a) = Sn,a is the optimal constant and H''{W) is the closure of C^{W) 

under the norm 

||n||^. = ||(-A)'^/2^||i2(K„). (14) 
The optimal constant Sn,a in the Sobolev inequality ([T3] ) is attained by (see, e.g., ||55l . Il22l and 
Il54l ) u{x) = (l + 2 . The Hardy-Littlewood-Sobolev inequality 

Sn,a\\u\\^ 2n > ui-Ayudx, VuEL^(M'") (15) 

involves the same optimal constant Sn,a, where (— A)"*^ is a Riesz potential defined by 

{-A)-^u{x) = cn,. [ ^^M_^dy. (16) 

We investigate the relation between ([T3l) and (ITSl) via the fractional diffusion equation ([TT]) . 

i.e. 

ut = -{-Ayu"^ 
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with m = 1/N = If we suppose that the initial date uq satisfies the assumptions in 

Theorem |1.2[ then by Theorem 15 .IK which is used to prove Theorem |1.2b u{-,t) is positive and 
smooth in M" before its extinction time, and for any fixed t, u{x, t) = 0{\x\~^~'^'^) as x — )• oo. 
We define 

H{t):=HnA<-,t))= I Ui-^yudx- SnA\uf 2n . (17) 

It follows from direct computations that > (see Proposition 16. lb . 

Consequently, one can prove ([T5] ). which is equivalent to H < 0, by showing 

limsupi^(t) < 

where T is the extinction time of ([TTI ). This can be seen clearly from Theorem 15. II From this 
and Proposition 16. 1 1 we also recover that is an extremal of ([T3l) if u is an extremal of ([T5] ). 

Along this fractional fast diffusion flow, we can improve the Sobolev inequality ([T3l) . via 
a quantitative estimate of the remainder term. This improvement also holds as cj — 1 and it 
extends some work of Dolbeault in OTl. 



Theorem 1.3. Assume that a G (0, 1) and n > 4cr. There exists a positive constant C depend- 
ing only on n and a such that for any nonnegative function u € H'^iM"') we have 



(18) 



^ C'||n||22.^('^) f 'S'n,cr||'w||^^ — ||^i||^2*(CT) 



where N = Moreover C < ^^(1 - e-^)Sn,a. 

The operators and (— A)'^ are nonlocal, pseudo-differential operators. Generally speak- 
ing, strong maximum principles and Harnack inequalities might fail for nonlocal operators, 
see, e.g., a counterexample in [51]. The example in [ 51] shows that the local non-negativity of 
solutions of certain nonlocal equations is not enough to obtain local strong maximum princi- 
ples and Harnack inequalities. However, if we assume the solutions are globally nonnegative, 
then various strong maximum principles and Harnack inequalities have been obtained in, e.g.. 
El, EH and El. 

In this paper, we establish a strong maximum principle and a Hopf lemma for odd solutions 
of some linear nonlocal parabolic equations, which are of independent interest. Our proofs 
make full use of the expression ([T9l ) of (— A)*^. The odd function in Lemma 124] will serve as a 
barrier function, which allows us to obtain a Hopf lemma. 

The paper is organized as follows. In Section |2] we prove a strong maximum principle 
and a Hopf lemma for odd solutions of some linear nonlocal parabolic equations. These are 
two crucial ingredients in our arguments. In Section [3] we prove a Harnack inequality via 



6 



the method of moving planes. This idea is essentially due to R. Ye ITU. In Section IH we 
show Schauder estimates, existence and convergence of the fractional Yamabe flows. Section 
H] is devoted to proving Theorem 11.21 The strategy is to rewrite (ITTI ) on and apply the 
methods in Section HI The improvement of the Sobolev inequality, Theorem 11.31 is proved in 
Section [6l Our proofs of Theorem 11.21 and Theorem 11.31 adapt some arguments in |[29l and 
ll3n . respectively. In Appendix lAl we provide an analog of L. Simon's uniqueness theorem (see 
ll68l ) for negative gradient flows in our nonlocal flow setting. In Appendix |B] we present some 
interpolation inequalities and elementary computations which are used in Section |4] 

Acknowledgements: Both authors thank Prof. YY Li for encouragements and useful discus- 
sions. We also thank Prof. N. Sesum for bringing the paper f29\. Tianling Jin was partially 
supported by a University and Bevier Fellowship and Rutgers University School of Art and 
Science Excellence Fellowship. Jingang Xiong was partially supported by CSC project for 
visiting Rutgers University and NSFC No. 11071020. He is very grateful to the Department of 
Mathematics at Rutgers University for the kind hospitality. 

2 A strong maximum principle and a Hopf lemma for nonlocal 
parabolic equations 

Let X = {x',Xn) G M", Wl = {x : Xn > 0,x e W}. Recall (see, e.g.. Ell) that for 
a S (0, 1), if u is bounded in M" and near x, then(— A)'^n is continuous near x, and 

. , N f u(x) — u(y) , 

(-A)%(x) = c„,_.P.V. / ^ ',^:Z dy. (19) 

Jr" \x — y\ ^ 

Here "P.V." means the principal value and Cn,-a is the constant in Q. 

For simplicity, throughout the paper we denote — (— A)°^ as A'^ and will not keep writing 
the constant Cn-a and "P.V." if there is no confusion. 

Lemma 2.1. Letw{x,t) e C'^'^{W^x'K)andw{-,t) be bounded inW^ for any fixed t. Suppose 
w{x,t) satisfies w{x' , —Xn,t) = —w{x',Xn,t)forall{x,t) and 

liminf w{x,t)>0 for any fixed t. 

a;„>0,|x|— >oo 

Ifw satisfies 

wt>a{x,t)A''w + b{x,t)w, {x,t) e x {0,T] (20) 

where a{x, t) is continuous and positive in x [0, T], b{x, t) is continuous and bounded in 
Rl X [0, T], and w{x, 0) > Ofor all x G R^, then w{x, t) > in R^ x [0, T]. 
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Proof. Without loss of generality, we may assume 6(x, t) < 0. Indeed, if we let 

w{x,t) = e~'-^^w{x,t), 

then 

wt = a{x, t)/S."w + t) - C)w. 

For large constant C we have — C < in M" x (0, T] and we only need to show that 

w{x, t) > for all (x, t) G x (0, T]. 

Suppose the contrary that there exists a point (xq, to) £ x (0) ^] such that 

> t(;(xo,to)- 

By the assumptions on w, we may assume tt;(xo, to) = ™™ir^x(o T] follows that 

wt{xQ,tQ) < 0, 6(xo,to)if(2;o,to) > 0. (21) 

It is clear that 

Jr" \xo — y\ 

w{y,to) -w{xo,to) ^ r w(y,to) - w{xo,to) 



^ Fo — yi jR"\R^ Fo — y 



By the change of variables y = {z', —Zn), we obtain 
wiy^to) - w{xo,to) 



I 



■dy 



w{z', -Zn, to) - w{xo, to) 



|X0- (z',-Zn)|"+2" 

i(;(z',z„,to) - 'u^(xo,to) 



dz-2wixo,to) T- 7-} -TT^^dz 



n 1X0 - iz', |xo - {Z', -Z„)h+2- 

^ _ /• w{z',Zn,to) - w{xo,to) 

where we used —Zn,to) = —w{z',Zn,to) and ti;(xo,to) < 0. Since (xo,to) is a mini- 
mum point of w in M" x (0, T], the simple inequality 

I \iT2^>] rr^ — ^xo,zei^l 

|Xo — 2|"-+^<^ |Xo — (-Z , — ^^njl 

yields that 

A''w{xo,to) > 0. (22) 
Combining (|2TI) and (|22l) . we have a contradiction to (l20l ). □ 
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Lemma 2.2. Let w{x, t) be as in Lemma \2J\ Then for any fixed t G (0, T] we have w{x, t) > 
or w{x, t) = in W^. 

Proof. As in the proof of Lemma IZTl we may assume 6 < 0. Suppose that at w{xq, Iq) = 
for some (xq, to) £ ^+ x (0, T]. From the proof of Lemma |2?T] we see that 

A^wixo^to) > 

and equaUty holds if and only if w{x,tQ) = w{xo, to) for all x G . Therefore, the lemma 
follows immediately from a simple contradiction argument. □ 

Lemma 2.3. Let w{x, t) be as in Lemma IZil Suppose w{xq, 0) > 0/or some xq E M", then 
for any fixed t € (0, T] we have w{x, t) > in M" . 

Proof. The proof follows from that of the parabolic strong maximum principle in f6T\, with 
modifications for nonlocal equations. As before we assume 6 < 0. Suppose that for some 
ti > 0, ■w{-,ti) is zero at some point. It follows from Lemma [Z2l that w{x,ti) = 0. By 
the assumption on ^(-,0) and Lemma f22[ we may assume that w{x,t) > for all {x,t) G 
Wl X {t2,ti) for some t2 > 0. 

Let h{x, t) = {ti — t*)^ — \x — — {t — t^)^ if < j;„ < 2; and /i = if 3;„ > 2, where 
Cn = (0', 1) and will be fixed later. Set 



Thus we can choose so negative that for any (x, t) G i?i/2(en) x [t, ii], 

Ht{x, t) = 2{U -t)< 2{U - t2) < a{x, t)A''H{x, t) + b{x, t)H{x, t). (23) 

Let e > be a sufficiently small constant such that w{x,t) > eH{x, t) for all x G R" . We 
claim that w{x, t) > eH{x, t) in M" x (t, ti). 

If not, then the (negative) minimal value ofiv:=w — eH in M" x (t, ti) must be achieved 
in -Bi/2(en) x (t, ^i), say at (xo,to)- Note that w{x' ,—Xn,t) = —iB{x',Xn,t). Hence, by 
exactly the same argument in the proof of Lemma [TT] 

dMxo,to) <0, A''wixo,to)>0. 

Together with (1231 ) and 6 < 0, we conclude that 

wt{xo,to) < a{xo,to)A''w{xo,to) + 6(xo, to)w, 

which contradicts (l20l ). 

Hence wt{ti, e„) < —2e{ti — t^:) < 0. But w{x, ti) = 0. These contradict ( [201 ). □ 




Let t G {t2,ti) be such that {ti — t*)^ — (t — t*)^ < j holds for t >t.lt is easy to see that there 
exists a positive constant Ci independent of t* such that for any {x, t) G Bi/2{^n) x [t, ti], 

{-AfH{x,t) < Ci. 
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Lemma 2.4. Let 

. {xn{l-\x'\^), < 1, Ix'l < 1, 

h{x) = < 

10, otherwise. 

Then there exists a positive constant cq depending only n, a such that 

A^'hix) > -CoXn, (24) 
for all X = (x', x„) with \x'\ < 1, < x„ < 1/8. 

Proof. The lemma follows from rather involved calculations. By rotating the first (n — 1) 
coordinates, we only need to show (l24l) at point a = (ai,0, • • • ,0,an) with < ai < 1, 
< a„ < 1/8. 

Denote B'{x\R) C M""^ be the ball centered at x' with radius R, Q. = -B'(0, 1) x 
(—1,1). In the following C will be denoted as various positive constants which depend only 
on dimension n and a. 

It follows from that 

A-/.(a) = / M^dx 
^ ' J^n. \x - a|"+2- 

x„(l-|xf)-a„(l-|a'|2)^^_ /■ a„(l- |af (25) 



|x - a|"+2<T J^^ \x - a|"+2'^ 



/ - Or,//. 



Since Xn(l - |x'p) - a„(l - |a'p) = (x„ - a„)(l - |x'p) + a„(|a'p - |x'p), we divide the 
integral / into 



and 



(|a1^-|xf) ^ 



By symmetry and that < a„ < 1/8, 

/.= r""7 (^v^"^dx'dx„ 

7-1 4'|<i |x-a|-+2- " (26) 

> -Ca„. 

Using |a'|2 — |x'|2 = — |x' — a'p + 2a'{a' — x'), we write 

|x'-a'|2 , /■ 2a'- (a'- x') , 
dx+ / , ,^ dx 



f^|X-a|"+2a |a;_a|n+2fT 



=: /s + h- 
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Direct computations give 

. f -|x'-a'|2 , , 

_2+a„ J\x'-a'\<2 F " 
2 /■2 ^2^n-2 



-2 lim / dy / ;7+2^dr 

r2 /-a^ 



-2 lim / y^-^-dy / -^dr 

^-^o+yf, (l + r2)— (27) 

/■2 / /■2/s/ n f-l n \ 

-2 lim, / yi-2-dy / -^dr + / -^dr 



b^O+./h (1 + ^2)^- Jq (1+^2 



r-2 / r2/y ^ 

> -2 lim / y^^'^'^dy / r^^^^dr + 1 



> -c. 

Next, we are going to show 

h-II>-C. (28) 
Let Dq = (-B'(0, 1) n B'{2a\ 1)). Since a' = (ai, 0, • • • , 0), it follows from symmetry that 



/ 



2a' ■ (a' -x') , , , 

dx dx-n = 0. 



/i?ox(-i,i) |2;-ah+2^ 
Thus 

2a' -(a' - x') 



h = / n , > 0. 

i{B'(o,i)\Do)x(-i,i) |x-a|"+^'^ 

Now we have two cases: 

Case 1. if \a'\ < then it is easy to see that II < C (the denominator is uniformly bounded). 
Hence ^ holds. 

Case 2. Suppose \a'\ > We have 

11= [ 1-|q? ^ f l-\a? 

< / ic 

yn'^n(B'(aMa'|)x(-i,i)) k - a|"+2'^ 
=: //i + C. 



Denote Di = i^B'{a', y^l - |a'|2) n {xi < ai}j \ Dq, and D2 = {B'{a', yjl - |a'|2) n 
{xi > ai}) \L>o- 
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Note that for x £ Di, we have 2|a'|(|a'| - xi) > 1 - |a'p — \x' — a'p. Therefore, 
2a'-{a'-x') f l-|a? > f -\x' - a'^^ 



Observe that there exists a positive integer m, which depends only on n and cr, such that 

1- la'P 



> 



(^B'(0',l)\B'(a',^l-|a'|2)^ x{-l,l) k " ^1 



n+2a- 

1-Ia'|2 



S(aMa'|)\(B'{0',l)UB'(a',^l-|a'|2))^ x(-l,l) 1^ 

Also notice that for any x € B' {0' , l)\B' {a' , ^/l — |a'p), we have 

> m(l - |a'p - |x' - a'|2). 

Hence, 

/• |x^-af 

y(^B'(0',l)\B'(a',Vl-|aT)) x{-l,l) ^ " a|"+2'^ 
~ yj^B{aMa'|)\(B'{0',l)UB'(a',^l-|a'|2))^ X{-1,1) 1^ 



l -|of 

Q\n+2a ' 



It follows that 
h-II 

>-c + 



2a' ■ {a' -x') [ 1 - |a'p 



Dix(-i,i) k-a|"+2'^ 71)2 X (-1,1) |2;-a|"+2'^ 



B(aMa'|)\(B'(0',l)UB'(a',i/l-|a'P))^ x{-l,l) k ' 



Q\n+2a 



>-C-m + / T-^ rr:^ 

J(B'(0',l)\B'(a',Vl-|a'|2))x(-l,l) ^ " a\"'+'''' J Dix{~l,l) \x - o|"+^<^ 

>-C-{m + l)/3 

> -a 



Therefore, (gE) holds. 

Finally, Lemma|23]follows from and 
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Lemma 2.5. Let w{x, t) be as in Lemma IZil Suppose w{xq, 0) > 0/or some xq G M", then 
for any fixed t G (0, T] we have dx„w{x' ,0, t) > 0. 

Proof. Let 

inS'(0,l) X (-2,-1), 
g{x) = ll, inS'(0,l) X (1,2), 
0, otherwise, 

where B'{0, 1) denotes the n — 1 dimensional unit ball centered at 0. For any x G B'{0, 1) x 
(0, 1/8), we have 

Jr" \y - 



/s'(o,i)x{i,2) " Jb'(o,i)x(-2-i) 

B'(0,1)X{1,2) |y-(x',a;„)|"+2- " |y_(x',-X„)|"+2-'^^ 



dy 



|n+2CT 



B'(o,i)x{i,2) Jo ds V|y - + 2sx„e„ 

(n + 2CT) / / — ^iTaTa^dsdy 

Jb'{o,i)x{i,2) Jo \y-x + 2sa;„e„ "+^+^'^ 



^ C\Xji: 

where ci > depends only on n and a. 
For any fixed to S (0, define 



i?(x, t) = Kx){Yh2 - - *o)') + 



1 + io 

where is as in Lemma 1241 By picking a sufficiently large k, we then see that 

Ht{x, t) < a{x, t)A''H + b{x, t)H{x, t), 



for all x G B'{0, 1) x (0, 1/8) and t G (to - to/vT+tf, to]. 

It follows from Lemma [23] that «;(-,t) > in M!J: for any fixed t G (0,r]. Making a 
similar argument to the poof of Lemma I2.3[ we can show that there exists a small positive 
constant e such that w > eH for all t G (0, to]. Therefore, dx„w{x' , 0, to) > and Lemma l23] 
follows immediately. □ 

Now we apply the above strong maximum principle and Hopf lemma to fractional Yamabe 
flow equations. 
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Suppose that u is a positive smooth solution of ([D in x [0, T]. Hence 



satisfies (flOl) . For a given real number A, define 

Sa = = {x',Xn) ■■ Xn > A}, 

and let x'^ = {x', 2A — x„) and nA(a;, t) = u{x'^,t). It is clear that ux also satisfies ([TOl l. 

Proposition 2.1. Suppose that u{x, 0) — ux{x, 0) > /« Sa, then for any fixed t G (0, T] we 
/jave ^(a;, t) — Ux{x, t) > in Sa- 

Proof. Let t) = u{x, t) — ux{x, t). Then w satisfies 

wt = a{x,t)A''w + b{x,t)w (29) 

where a{x, t) = -j^^ and b{x, t) = + tI bounded. 

Note that w{x',Xn + A,f) satisfies all the conditions in Lemma [27T] Thus Proposition 12. 1 1 
follows from Lemma l2?n □ 

Proposition 2.2. Assume the conditions in Proposition 12.71 then for any fixed t G (0, T] we 
have u{x, t) — ux{x, t) > or u{x, t) — ux{x, t) = in Sa. 

Proof. It follows from Proposition |2. II and Lemma l2!2l □ 

Proposition 2.3. Assume the conditions in Proposition \2.1\ In addition we suppose that 
u{xq, 0) — ux{xq, 0) > 0/or some xq € Sa, then for any fixed t G (0, T] we have u{x, t) — 
ux{x, t) > in Ea and dx„u{x' , A, t) > 0. 

Proof. It follows from Proposition |2. II Lemma l2.3l and Lemma l2.5l □ 

3 Harnack inequality for a fractional Yamabe flow 

Based on the results proved in the previous section, we are going to establish the following 
Harnack inequality. 



Theorem 3.1. Let v be a C^'^ positive function on §" x [0, T*) and satisfy 

-P„{v)+h{t)v^ , o«S"x(0,r*), 



dv^ „ ^ 



dt 
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where b{t) G C([0, T*)). Then there exists a positive constant C > depending only on 
n, a, infgn f (•, 0) and ||^^(-, 0)||,73(sn) such that 

m.eLKv(-,t) < Cmmf(-,t), 

for any fixed t G (0, T*). 

Proof. As mentioned in the introduction, this idea is essentially due to Ye |72|. We will show 
that 

sup ' , , ' < C foralls G (0,r*). 

§n \V\ 

Let G Without loss of generality, we may assume that qq is the north pole. Consider the 
inverse of the stereographic projection from the north pole F : M" — )• S": 

F{xi,- 



1 + ' + 1 / 

We also denote G : M" — as the inverse of the stereographic projection from the south 
pole, namely G{x) = F{x/\x\'^). Let 



u{x,s) = ( , , 1^12 ) v{F{x),s), u{x,s) = ( ., , 1^1^ ) v{G{x),s). 



2 

Then u,u£ C3'i(IR" x [0, T*)) and both satisfy 



A'^n + , on X [0, T*). (30) 



dt 

u{-, s) has a Taylor expansion "at infinity" of the form 

2(n-2a)/2 / / n-2a\x^Xi ^„ ,_o, 

^) = I l„-2a "0 + Tl2 + ^ TlA + '-^(1^1 ) 



Similarly partial derivatives of u{-,t) have a Taylor expansion "at infinity" of the form 

du , , ( n — 2a ( ajXi\ a,- 2xja,x,- 



+ 0(|x|-("-2"+=^)). 

Here 

ao{s) = v(qo,s 



j.,n~2a+2 I " ' U|2 / ' |^|n-2(T+2 |^|n-2(T+4 



a.(.) = (0), 
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Let yi(s) = (n - 2cr) ^ai{s)/ao{s), and y{s) = {yi{s), ■■ ■ ,y„(s)). Then 

n — 2a , . 

uix + y,s) = [a, + + o{\xnj (31) 

and 

|^(- + !'.») = -^^;;^^+0(|.r <"-«>) ,32) 

where ajj = aij — 6ij — We only need to show that there exist a positive constant C 
depending only on n, cr, infs" v{-,0) and ||?^(-, 0)||(73(§n) such that 

\y{s)\<C for alio < s < T*. 

Fix T £ (0, T*). After a rotation and a reflection, we may assume that yn{T) = maxj | (T) | . 
From the Taylor expansion of u and Vu for s = 0, we see that (e.g., Lemma 4.2 in BSJ ) there 
exists a Ao > 0, which depends only on n, it, infgn 0) and 0)| 1^3 (-§71 •), such that for any 
A > Ao, 

u{x,^) > u{x^ ,0) for a;„ < A 

where x"*" = (xi,--- , 2A — x„). Denote ^^(2;, s) = u{x'^,s). By Proposition 1231 we 
have 

u{x,s) > u^{x,s) foralls G [0,r], Xn < A, A > Ao. (33) 



We claim that 



max y„(s) < Ao- 

\J<S<1 



If not, there exists s G (0, T] such that yn{s) = m.ayio<,s<T yn{s) > Xo- Thus we can set 
A = yn(s) in (1331 ). namely, 

u{x, s) > u^{x, s) for all s £ [0, T], x„ < A = yn(s). 

Let u{x, s) = u{x + ynis), s), then 

u{x' , Xn, s) > u{x\ —Xn, s) for all s G [0, T], x„ < 0. 

Let ui{x, s) = |^|n-atr ^( i^^i -s)- Then tti(x', x„, s) and ui(x', — x^, s) satisfy (l30l) and 

ni(x', x„, s) > ui{x , — Xn, s) for all s G [0, T], x^ < 0. 

By Proposition 12.31 

d{ui{x' ,Xn,s) - Ui{x' , -Xn, S)) 



dXn 



<0, 

{x,s)={Q,s) 



16 



i.e., {dui/ dxn){^, s) < 0. This contradicts (OTI ). Hence max yn{s) < Xq, which implies 

0<s<T 

yn{T) < Aq. Since Aq is independent of s, we have \y{s)\ < Aq for all < s < T*. 
Moreover Aq is independent of the choice of qq, we conclude that 

sup ' , , ' < C foralls G (0,r*). 

§n \v\ 

For each t, integrating the above inequality along a shortest geodesic between a maximum 
point and a minimum point of v{-,t) yields 

maxf(-,t) < C mmv(-,t). 
where C depends only on n, cr, inf§n 0) and ||f (•, 0)||(73(§n'). □ 

4 Existence and convergence of a fractional Yamabe flow 
4.1 Schauder estimates 

For an open set Q, C and 7 G (0, 1), C^{Q,) denotes the standard Holder space over Q, with 
the norm 

II II r 1 I / M \u(xi) — U(X2)\ 

\v\r,n ■■= \v\o;n + [v\r,n ■■= snp\v{-)\ + sup — ■ — -- — , 

For simplicity, we use C^{^) to denote when 1 < 7 ^ N (the set of positive 

integers), where [7] is the integer part of 7. Since the operator dt + (— A)'^ is invariant under 
the scaling (x, t) — )• {cx, c^^t) with c > 0, we introduce the fractional parabolic distance as 

p{X^,X2) = {\xi-X2? + \tl-t2\"''f'\ 

where Xi = {xi, 12)^X2 = (x2,t2) £ M"+^. For a measurable function u defined in a Borel 
set Q C M"+^ and < a < min(l, 2a), we define 

\u{X^) - U{X2)\ 
f"^"-^^ - p{X,,X2r ' 

and 

where |n|o;Q = supj^^gg |tt(X)|. We denote C"'2^ {Q) as the space of all measurable functions 
u for which \u\^,^.q < 00. Let Qt = W x (0,r], T G (0,oo). For 2cr + a ^ N and 

< a < min(l, 2a), we say u G C^'^+^'^+s^ (Qt) if 

[n]2^+„,i+^;Qj, := [ut]a^^.Q^ + [{-A)''u]a^^.Q^ < 00 
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and 



is a Banach space equipped with the norm 
Consider the following Cauchy problem 



(34) 



{a(x, t)ut + (— A)'^n + b{x, t)u = f{x, t), in Qt, 
u{x,0) = uo{x), inR", 

where A^^ < a{x, t) < X for some constant A > 1. 

Lemma 4.1. Suppose b{x, t) is bounded in Qi. Let u G C^"""^"'^"*"^ (Qi) satisfy 

ja{x, t)ut + (-A)'^M + t)u < 0, in Qi, 
\u{x,0)<0, mR", 

then u <0 in Qi. 

Proof. Without loss of generality we may assume that b{x, t) > 1 as before. Let rj{x) be a 
smooth cut-off function supported in B2 G R" and equal to 1 in Let = ri{-/R) and 
V = riRU. Then 

avt + {-^Yv + 6(x, t)v < {u, r]R) + u{-Ayr,R, 

where 

r?) = c{n, a) [ K^>0-^(^>0)(^M)-r?(y,t)) ^3^^ 

If ti is positive somewhere in Qi, then we can choose R as large as we want such that v attains 
itspositivemaximum valueinQi at (xo,to) £ Bjix{0,l]. It is clear that a(xo,to)t^t(a;o,^o) + 
(— A)'^'t;(xo, to) > 0. Since 6 > 1, we have 

sup u < v{xQ,tQ) < sup\{u,r]ji) + u{—AYT]ji\ ^ as i? — )• cx). 
-Bj?.x (0,1] Qi 

This finishes the proof of this Lemma. □ 

Proposition 4.1. Let < a < min(l, 2a) such that 2a + a is not an integer. Suppose that 
a{x,t), b{x,t), f{x,t) £ C°''^{Qi) and uq{x) G C^'^+°(R"'), then there exists a unique 
solution u G C'^'^^"''^'^'^ (Qi) of (1341 ). Moreover there exists a constant C > depending only 
on n, a, A, a, \a\a^^-Q-^ and |6|q, .^.g^ such that 



\u 



2(T+Q,l+^;Qi < C {\uo\2cr+a;R" + \f\a,^;Qi)- (36) 
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Proof. By Lemma 1411, there exists C > depending only on A, |6|loo(Qj) such that 

k|0;Qi < C'(|no|o;K" + |/|o;Qi)- (37) 

Uniqueness follows immediately. In the following, we will show a priori estimates ( [36l ). By 
(|37] ) and some interpolation inequalities in Lemma IbTT] we only need to show, instead of (l36l ). 

M2<T+Q,l+^;Qi < C{\uQ\2a+a;W + \f\a,-^-Q^)- (38) 

First of all, (|38] ) holds provided a = 1,6 = (see, e.g., ||56]| ). It could be easily extended to 
the case that a is a positive constant. For the general case, we use the "freezing coefficients" 
method (see, e.g., [53]). 

Fix a small 5 > 0, which will be specified later. We can find two points Xi, X2 € Qi such 

that 

If p(Xi,X2) > 5, then 

It follows from Lemma lBTTl that. for any small eq > 0, 

^ ^^oM2<7+Q,l+^;Qi + ColuloiQi, (39) 

where Co > depending on n, cr, a, eo, (5. 

If p{Xi,X2) < S, take a cut-off function ?7(X) G C°^(M"+i) such that r/(X) = 1 for 
p{X,Xi) < 6, r]{X) = for p{X,Xi) > 26. By the estimates of solutions of ^ with a 
being a positive constant and 6 = 0, we have 



< Ci{\a{Xi){ur])t + (-A)'^(ur/)|„ a .Q^ + |nor/|2<T+a;R" + lurjlo-gj, 



where Ci > is independent of 6. Note that 

a{X^){urj)t + {-Ar{ur,) 

= via{X)ut + {-A^u) + v{a{Xi) - a{X))ut + a{Xi)urit - {u, 1]) + u{-AYr] 
= 7]{f - bu) + 7]{a{Xi) - a{X))ut + a{Xi)ur]t - {u, r?) + u(-A)'^7?, 

where {u,r]) is defined in (1351) . Since |?7(X)(a(Xi) — a(X))| < [a\a^^-Qj^S°', making use of 
Lemma IbTT] again, we have 

N„,^;Qi < Ci(5°[n]2a+a,l+i^;Qi + C'('^)(l«l0;Qi + |/U,^;Qi) ^^^^ 
+ C'lK^i,?/)U,^;Qi + C'i|nor/|2a+Q;R"- 
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Hence from (l62l ) in Lemma IB31 (l40l) and ( [39l ). we can conclude that 

< (Ci5''+eo)M2a+a,l+^;Qi+CW(k|o,Qi + |/U,^;Ql + |?io|2<T+a;R")- (41) 

Since 

ut + (-A)''u = (1 - a)ut -bu + f, 

we see that 

M2<7+Q,l+^;Qi < C'(K]a,^;Qi + l'"lo;Qi + l/U,^;Qi + I ^^0 1 2f7+a;M" , ) , (42) 

where C > depending only on n,a,X,a, \\a\\a,^-Qi and ||a, 6||q,^^.Qj. Then (|36l ) follows 
from (|37] ). (l42l ) and (|4TI ) by choosing sufficiently small 6 and eo- 

Finally, the existence of solutions of ( [34l ) follows from standard continuity method. □ 

Remark 4.1. Cauchy problems for non-local operators and pseudo-differential operators in 
different spaces have been studied, e.g., in / I52I/ . h58^ . / I59I/ , A6QI/ ancf references therein. 

Remark 4.2. Observe that in the proof of the above proposition the only place we use the uni- 
form lower and upper bounds of a{x) is that at Xi, that is < a{Xi) < X. This observation 
will be used in the proof of Proposition[ 



Remark 4.3. One can also obtain the estimates in Qt by considering the scaled function 
u{x,t) := u{T^/'^''x,Tt). 

For 7 G (0, 1), C'^(S") denotes the standard Holder space over S", with norm 

II II , r 1 I Ml , ~ ""(^2)1 
|^^l7;S" '■= Plo;S" + M7;S" '■= sup|w(-)| + sup — — — , 

S" Ci7^6,6,6e§" 1^1 -?2r 

where |^i — .^21 is understood as the Euclidean distance from to ^2 in For simplicity, 

we use C'^(S") to denote cW.7-[7](S") when 1 < 7 ^ N, where [7] is the integer part of 7. 
ForFi = {ii,ti),Y2 = {i2M) G X (0,oo) we denote 

p{YuY2) = {\il-i2? + \h-t2\^'n'l\ 

We still assume that < a < min(l,2o-). Let = §" x (0,r] for T > . We say 

V e C"'^(Qt) if 

II II r 1 \v{Yi) - u(Y2)\ 
I^U,^;Qt = mO;QT + Ma,^;QT ■= ^Up v{Y) + SUp < OO, 

andve C2'^+"'^+5^(Qt) if 
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and 

Then C'^'^^"'^^^^ (Qt) is a Banach space equipped with the norm | • \2a+a,i+f-;QT- 

Proposition 4.2. Let < a < min(l,2(T) such that 2a + a is not an integer. Let a{(^,t), 
biC,t), f{C,t) G C"'^{Qi), vo e C2'^+"(§") andX-^ < a{C,t) < X for some A > 1. Then 
there exists a unique function v G C^'^'^"'^~'"2^ (Qi) such that 

(avt + Pa{v) + bv = f, inQi, ^^^^ 
\v{y,0) = vo{y). 

Moreover there exists a constant C depending only on n, o", A, a, lal^^.g^ and |6|q^^;Q^ such 
that 

|w|2a+a,l+^;Ql < C(|i;o|2<7+a;§" + |/U,^;Qi). (44) 

Proof. Uniqueness follows from the maximum principle. We only need to show a priori es- 
timate (l44l ). from which the existence of solution of (1431 ) follows by the standard continuity 
method. 

Choose Yi = (^1, ti), = (6, ^2) G S" x (0, T) such that 

|^;t(ri)-^t(l2)| . 1. . ,4^. 



Without loss of generality we may assume that ^1, ^2 are on the south hemisphere. Let F{x) 
be the inverse of stereographic projection from the north pole and 



There exist xi, X2 G -6(0, 1) such diat Yi = {F{xi),ti),Y2 = (F(x2), ^2)- We denote Xi 
(xi, ti), X2 = (x2, ^2)- By (|45] ) there exists a constant C depending only n, cr, a such that 

Na,^;Qi < C'bilo.Qi + C'|ut|o,Qi + C ^^^^ ^^^^ • 

Note that u satisfies (l34l) with a, b, f replaced by 



rt + 2a- 



(t^) KF{x),t), f-^) ' 



In view of Remark 14^2] and the arguments in the proof of Proposition 14.11 we conclude that 

M2,7+a,l+^;Qi ^ C{\vo\2a+a;S" + klo;Si + bi|o;Si + |/U,^;qJ. 
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Hence, together with (1451 ) and interpolation inequalities in Lemma IR!21 we have 

[vt]a,^.Q^ < C{\vo\2a+a;S" + \v\o;Qi + |/U,:i^;Qi)- (46) 



It follows from the maximum principle that I v|o;Qi < C'(|^^o|2(t+q;S" + |/U,^;Qi)- Hence (|44]| 
follows from (l46l ). (1431 ) and some inequalities in Lemma IR!21 □ 

Corollary 4.1. Let < a < min(l, 2a) such that 2a + a is not an integer. Let a(^, t), t), 
f{i,t) G C7°'#(Q3), < a{C,t) < X for some X > 1. Suppose that v e C2'^+"'^+^ (Q3) 
satisfies 

avt + Paiv) + bv = f, inQs. 

Then there exists a constant C depending only on n, a, X, a, \a\a ^-s^xli 31 '^"'^ I^U -s--§"x [1 31 
such that 

bl2(T+o,l+^;§"x[2,3] < C'(I^U,^;§"x[l,3] + l/U,^;§"x [1,3] )• 

Proof. Let 77 (t) be a smooth cut-off function defined on M such that 7]{t) =0 when t < 4/3 
and r]{t) = 1 when t > 5/3. Then v := rjv satisfies 

iavt + Pa{v) + bi = fr] + avr]t, in S" x [1, 3], 

1^(-,i) = o. 



The Corollary follows immediately from Proposition 14.21 □ 
4.2 Short time existence 

Proposition 4.3. Let < a < min(l,2(7) such that 2a -\- a is not an integer Let vq E 
^2(T+a^gn^ a«(i f > in Then there exist a small positive constant T^, depending only on 
n, o", Q,inf§n uq, |vo|2(t+o;§" and a unique positive solution v G C^'^"*'"'"'^''"2^ (S" x [0,r*]) of 
dU in S" X (0, T*] with v{-,0) = vq. Furthermore, v is smooth in S" x (0, T*). 

Proof. By a scaling argument in the time variable, we only need to show the short time exis- 
tence of 

= VQ. 

We shall use the Implicit Function Theorem. By Proposition 14.21 there exists a function 
w G c2'"+"'^+^(§" X (0, 1]) such that 

(Nv^-^wt = -Pa{w), in X (0, 1], 
|zi;(-,0) = vo, 

and for any small positive constant eq, we have t) — fo ||c2cT+Q(§n) < Eq provided t < T^q. 
Here Te,, is a positive constant depending on Eq. Hence we assume that w > Oin S". 
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Denote 

jr = G c2-+"'i+^^(s- X (o,r,j) : ipi.,0) = o}, 

and 

Define := N\v\^-^^ + P^{v) for v G C2'^+"'i+5^ (§" x (0,T^J), and 

L:^^^, J^(?i; + (^) - J^(t<;). 

Note tliat L(0) = 0, 

L'(0)(/9 = Nw^-^<ft + Pa{^) + - l)w^~'^wtip, V (/? G jr. 

Choosing eo sufficiently small, it follows from Proposition 14. 21 that L'{0) : ^ ^ ^ is invert- 
ible. 

By the Implicit Function Theorem, there exists a positive constant S > such that for any 
G with 11011^^ < 6 there exists a unique solution ip £ ^ of the equation 

L{v) = 

Let > be small. Pick a cut off function < r]{t) < 1 in satisfying r]{t) = 1 for s < 
and rj{t) = if s > 2T*. It is easy to see that 

Mt)j'{w)\w < s, 

provided T^, is sufficiently small. Therefore, there exists a function Lp £ ^ such that 

L{^) = -n{t)T{w). 

Thus V := w + (p satisfies 0) = vq and 

F{w + ^) = Q, inS"x(0,r*]. 

Moreover, v is positive if is small enough. The smoothness of v follows from Corollary 14.11 
and bootstrap arguments. □ 

4.3 Long time existence and convergence 

Proposition 4.4. Let v be a positive smooth solution of ([8]) in x (0, 3] and satisfy < 
v{y,t) < A for all {y,t) G S" x (0,3] with some positive constant A. Then for any positive 
integer k, 

ll'^llc'=(§"x[2,3]) ^ d (47) 
where C > depends only on n,a, k, A, and ra^^\ 
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Proof. We first observe that r^^*^ is decreasing in t, and is lower bounded away from by 
Sobolev inequalities (see, e.g., [5]). Hence through a scaling argument in t, we may assume 
that V satisfies the equation = —P(j{v) instead of dSjl. By the Holder estimates in |2| (see 
also Theorem 9.2 in [28]), there exists some /3 G (0, min(l, 2a)) such that 

1^1/3,^ ;§"x [1,3] <C{n,a,P,K)- 

The Proposition follows from Corollary 14. H and bootstrap arguments. □ 

Proof of Theorem \Ll\ By Proposition |4.3[ we have a unique positive smooth solution of (|7]) 
on a maximum time interval [0, T*). Since the flow preserves the volume of the sphere, the 
Hamack inequality in Theorem 13.11 implies that v{x, t) is uniformly bounded from above and 
away from zero. Proposition 14.41 yields smooth estimates for t; on S" x [min(l, r*/2), T*). 
It follows that T* = oo, since otherwise by Proposition 14.31 we can extend v beyond T*. 
Moreover there exists Voo € C°°(S") and a sequence v{tj) such that v{tj) converges smoothly 
to Voo- By Theorem IA.4I in the Appendix, v{t) converges smoothly to Voo, i-S- there exists a 
smooth metric goo on S*^ such that g{t) converges smoothly to goo- The formula for the gradient 
of the total a curvature gives 



dS n-2a 



dt 2n 

Thus 



(volgiS^))"-^ [ {Rl-ri)^dvolg. 



/ / (i?^-r^)2di;o/3<oo, 

JO J§" 

which implies that Ra°° is a positive constant. □ 



5 Extinction profile of a fractional porous medium equation 

Let u{x, t) be the solution of (ITTI ) and T > be its extinction time. Since uq is not identically 
zero, it is proved in HH that u{x, t) > in M" x (0, T) and u{x, t) G C"(M" x (0, T)) for 
some a S (0, 1). We define v{F{x), s) for all x G M" and all s > as 

2 n — 2<T 

v{F{x),s):=(^^^^^ ' (T-t)— tx(x,t)-|i=:r(i_e-.), (48) 

where F : M" — )• §" is the inverse of stereographic projection from the north pole and m = 
By the assumption of uq, we have f(-,0) G C^(S"). It follows from Proposition 14.31 
that, there exist an s* > and a unique positive function v G C°°(S" x (0, s*)) satisfies 

^ = -PAv) + rr^v^ (49) 
OS 1 — m 
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and vq = 0). On the other hand, u{x, t), which is defined by v through (|48] ). satisfies ([TTI l. 
By the uniqueness theorem on the solution of (fTTI ) in ||28l . v = v in S"\{A/'} x (0, s*), and 
hence v can be extended to a positive and smooth function in S" x (0, s*). 

Our first goal is that v defined by relation ( |48] ) is positive and smooth in x (0, oo). 
Secondly, we will show that v converges to a steady solution of (|49l ). In summary, we will 
show the following theorem in terms of v. 

Theorem 5.1. Let v be defined by relation (1481) . Then v is positive and smooth in S" x (0, oo). 
Moreover there is a unique positive solution v of 

- P„{v) + —^v^ = (50) 
1 — m 

such that 

h{y,s) -v{y)\\ci(n^r)^^ as CO. 

The proof of Theorem [STT] here uses similar strategies to that of |[29]| . To prove convergence 
oiv{-,t) we need the following universal estimates 

Proposition 5.1. Let v be defined by relation (14 8 1 ). There exist positive constants Pi, (32 such 
that 

Pi<v{y,s)<p2 
for all y£ S", s*/2 <s< +oo. Hence v G C°°(§" x (sV2,oo)). 

Proof. Stepl: We show that if sq is such that v is positive and smooth in x (s* /2, sq), then 
there is a positive constant ki, independent of sq, such that for all s G (s*/2, sq) 

maxwf-, s) > Ki. (51) 

Let us argue by contradiction. If this is not true, then for every small e > 0, there is an Sg such 
that So > > s*/2 and v{y, Se) < £ for all y G Given e > 0, consider 

n+2n- 

c/(x,t) = Ki/-[(i + s,-iogr + iog(r-t))(r-t)]J^(^-^J " , 

where K will be chosen later. Direct computations yield that 

n — 2a 

Ut - (A)'"C/^^ 

1 ™ / 2 \ 

= K-[{l + Ss-logT + log{T-t)){T-t)]]r'- (T-ri2 

\ 1 + 

log T - log(r -t)-2-Ss + P.(l)i^i-i/™^ 
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where we used that (-A)- [j^j = Pa{l) (twJ ^-(1) gi^^" ®- 

m — 1 

Lett£bethatSe-logr + log(r-te) = 0. We choose iiT small such that Pcr(l)i^^^ > 2 
and let e = K. Since v{y, s^) < e, 



n + 2a 



uix,te)<e'/"'iT-t,)T^ (^-^-^^ ' =U{x,te). 

For t > tg, U{x, t) is a supersolution of (fTTI ). It follows from the comparison principle (see 
the proof of Theorem 6.2 in [28l) that u{x, t) < U{x, t). But U vanishes before T. Hence u 
vanishes before T, which contradicts the definition of the extinction time T. 

Step 2: V is strictly positive and smooth for s*/2 < s < oo. 

To show this, we define 

so = sup{s >0:ve C73'i(§" ^ ^^*/2, s))}. 

Note that sq > s*. We assume that sq < oo. Since v G C^'^(S"' x (s*/2, sq)) and u is positive, 
by Theorem 13. II and step 1 we have that v is uniformly lower bounded away from 0. We define 



n+2cr 
2 



where k{n, a) is defined in Theorem 11.21 U{x, t) satisfies (fTTI ) and will be used as a barrier 
function. By our assumptions on uq, we choose sufficiently large M > T such that 



n+2cr 
1 \ 



1 + \x\^ 

It follows by comparison principle (Theorem 6.2 in |[28l ) that for all < t < T, 



uix,t) < (M-t)^/(i-'")A:(n,c7) (j^^j 
Hence for all s* /2 < s < sq 



v{y, s) < ^— k{n, ar < ^ ^ ^ A:(n, fj)'™. 



Thus w is uniformly bounded from above. Since v satisfies ( |49l ). Proposition |4.4| implies that v 
has a uniform limit as s — )• sq which is also positive and smooth. By Proposition 14.31 11 can be 
extended in a smooth and positive way beyond sq, which violates the definition of sq. Hence 

So = +00. 
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Step 3: There is a constant k2 = (1 + P<t(1)(1 - m))™/^^"'") > such that for all s > 

mmv(y, s) < K2- 

We argue by contradiction. Suppose that there is a time s < oo for which 

mmv(y, s) > K2- 

This implies 

n + 2g- 

u{x,t) >{T- t + P.(l)(l - m)(T - (.^ 

\l + \x 

where t = T(l — e~*) < T. We consider a barrier function 



Uix,t) = {T- t + P,(l)(l - m){T - t))- 



n+2a- 

1 



which satisfies ([TTI) . Since ti(x, t) > ?7(x, t), by the comparison principle 

n+2. 

^ / 1 \~ 



u{x,t) > {T-t + P^{l){l-m)(T-t))- 



1 + X 



This contradicts the extinction time T of u. 

From Steps 1 , 2 and 3 we can conclude Proposition lS.ll by taking /32 = Ck2 and /3i = ki/C 
where C is the constant in Theorem l3.1l for so = oo. □ 

Now we are in the position to prove Theorem 15. II Let J be the functional defined as 

J{z) = \f ZP,{Z)-- ^7^— -J Z'^+K 

2 (1 -m)(iV+ 1) 7§n 

Direct computations yield 

Lemma 5.1. Let v{x, s) satisfy ( [49l ). Then 

^J{V{;S)) = -N [ V^'-HvsflCO. 

ds y§n 

The above Lemma indicates that the functional is decreasing in time. The next Lemma 
states that this functional is always nonnegative, and hence lim J{v{-, s)) exists. 

s— >-oo 

Lemma 5.2. J{v{-,s)) > for all s > 0. 
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Proof. The proof is similar to that of Lemma 6. 1 in 1 29], which is included here for complete- 
ness. We argue by contradiction. Assume that for certain < sq < oo one has J{v{-, sq)) < 0. 
By Lemma [5?T] J(t>(-. s)) < for all s > sq. Let us consider the quantity 



F{s) = I v''+\y, s)dy > 0, sG (0, oo). 



Then 



N + lds J§n (l-m)(iv+l) 



- (l-m)(iV + l) ^ ^ 

for all s > Sq. Note that F{s) 7^ for all s > sq, since otherwise v{-, s) = 0. But this is 
impossible because J{v{-, s)) < J{v{-, sq)) < 0. Integrating the above differential inequality, 
we have 

F{s) > F{so)e'-'\ 

It follows that F{s) — )• 00 as s — )■ 00. On the other hand. Proposition 15.11 tells us that v is 
uniformly bounded. Hence F{s) is bounded. We reach a contradiction. □ 

Proof of Theorem |5J1 It follows from Proposition 15.11 and Proposition 14.41 that for s > s*/2, 
v{-, s) is compact in C'^XS") for any k. Let be a limit point of v{-, s) as s — )• 00 in the 
sense. We will show that u is a solution of dSOl l and v is the unique limit of v{-, s) as s — )• 00. 
Suppose that along a sequence Sj — >• c«, v{-, sj) — )■ v in the sense. Since 

we have, by integrating from Sj to Sj + r and using the Cauchy-Schwarz inequality, 

\v 2 +t) -V 2 (^Sjjr 

By Lemma |5?T] and Lemma 15^ J{v{-,s)) has a limit as s — )• 00. Hence for each r > 0, 
{f (•, Sj + r)}]^ is Cauchy in L^+^. It follows that v{-, sj + r) — )• u in and in sense 

uniformly in r in bounded intervals. Thus for any (p G C°°(S") we have, 

{v^{.,S, + l)-V^i;S,))cl> 

:/ / (-P,(i;(y,Sj+r)) + -^i>^(y,Sj+r)Udydr. 
JO Js" \ L — m J 
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After sending j — ^ oo, we obtain 

Js"\ l-m J 

Hence v solves dSOl ). Finally, it follows from Theorem |A.2| that v{-, s) converges to v in C^(S"). 

□ 

Proof of Theorem \L2\ By the classification of solutions of dSOl l in Il22l and ||54l . Theorem 1 1.21 
follows from Theorem 15 . 1 1 immediately. □ 

From Theorem II .21 we see that the extinction profile of u(x, t) is determined by the pair 
of numbers (A, xq) = {\{uq),xq{uq)). The next theorem verifies the stabihty of both the 
extinction time and the extinction profile. 

Theorem 5.2. T{uq),\{uq) and xq{uq) continuously depend on uq in the sense that if uq, 
{uQ-j} are positive functions in M", (u™)o,i, {uQ^j)o,i can be extended to positive func- 
tions near the origin, and lim || — u^\\b = where \\ ■ \\bis defined by 

j—^oo '-' 

II • lift = II • I|C2(B2) + ll(")0,l|lc2(S2)> 

then 

lim (r(uo;j), A(noy),xo(noy)) = {T{uo), X{uo),xo{uo)). 

Proof. Since we have Theorem I A. 1[ Lemma IATT] and Theorem I A.2[ it is identical to the proof 
of Theorem 1 .2 in IH . We refer to IH for details. □ 



6 A Sobolev inequality and a Hardy-Littlewood-Sobolev inequal- 
ity along a fractional diffusion equation 

As mentioned in the introduction, the results in this section are inspired by |[20l and |[3T| . 

Proposition 6.1. Assume that n > 2. If u is a solution of (1111 ) with positive initial data 
Uq G in M" satisfying that (ti™)o,i can be extended to a positive function near the 
origin, then 

where H is given by (117b . 
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Proof. It follows from ([TTll and that 



— 

m+1 I o c / / 



2a- 

Note that the first part of Theorem 15. 11 i.e., v defined by (1481 ) is positive and smooth in S" x 
(0, oo), has been used in the justifications of these equalities. □ 

The next lemma gives an estimate for the extinction time of solutions of (fTTI ). 

Lemma 6.1. If u is a solution of (II II ) with positive initial data uq G in satisfying that 
(^(Do.i can be extended to a positive function near the origin, then for any t G (0, T) we 
have 

n 

{n + 2a)Sn,aJ Jm" Jr^ 
Consequently, the extinction time T is bounded by 



If in addition n > 4(7, then 



T > 



2n f^^n^i-AYu^ 
and 



m 



n-(-,t)(-Arn-(-,t)< / u^i-Aru^ 

JR" JR" n + za j]gn 

Proof. As in the proof of Lemma |5!2l we define 

F{t) := [ u"'+\x,t)dx, (52) 
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which is positive in (0, T) and F{T) = 0. It follows that 

F'{t) = {m + l) [ U"'{;t)ut{;t) 

= -(m + l) [ u-(.,t)(-Arn-(.,t)<-^F(0^-^, 

where we have used the Sobolev inequality (fT3] ) in the last inequality. This shows the first two 
inequalities by simple integrations. If in addition n > 4a, then 



F"{t)=m{m + 1) / u"'-\;t){{-Aru'^{;t)f 

+ m(m + l) [ n"^(-,t)(-A'^)(n'"-i(-Arn'"(-,t)) 
= 2m(m + l) / u'^-\-,t){{-Ayu"'{-,t)f >0, 



where the condition n > Aa is used to guarantee the integrability of vl^{-,t) such that we 
can use Plancherel's theorem in the second equality. Thus the lower bound of T follows from 
that = F{T) > F{t) + F'{t){T - t) with sending t 0. The last two inequalities follows 
from the sign of F" and simple integrations. □ 

Let 

Q := ^—F'f'-^,E:= l^F'F-\G{ti,t2) := exp f (m + 1) E{s)ds] . 

(53) 

Theorem 6.1. Assume n > Aa. For any uq positive and in R" satisfying that (nJJ^)o,i can 
be extended to a positive function near the origin, we have 

SnAM? 2n - / uoi-Ayuodx + AmSn^a [ dt [ F{s)^K{s)G{t,s)ds 
Jr" Jo Jo 

= 2||ttcril22*^(CT) ('5'n,o-||'Uo^||^<T — lkcrilL2*(<T)) G{t,0)dt 



where u{-,t) is the solution of dill) with initial data u{-,t) = uq, T is the extinction time of 
u{-,t) and F, E, G, K are defined in ( 1521 ), ( 1531 ) and ( 1541 ). 



Proof. From the proof of Proposition 16. II we know that 

H'{t) = 2F{t){Sn,aQ{t)-l) 
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Hence 



H"{t) = 2F'{t){Sn,aQ{t) - 1) + 2Fit)Sn,.Q'{t) 

= Y§^H'{t) + 2F{t)Sn,.Q'{t) 

= + l)E{t)H'{t) + 2F{t)Sn,aQ\t)- 



On the other hand, 

F"{t)-^F-\t){F'{t))'' 



Q'{t) 



-(m+ l)F(t) 
2m 



F{ty 



2m 



F{t)- 



\Jr" Jm." 

u{;tr-'\-i-Arui.,tr + Eit)u{.,t)\'. 



Denote 



Then 



Kit):= / u{;tr-^\-i-Arui.,tr + Eit)u{.,t)\'. (54) 



H"{t) = -{m + l)E{t)H' {t) - AmF^ {t)Sn,aK{t). 
Multiplying G(0, s) and integrating from to t, we have 

H' {t)G {0, t) - H'{0)G (0,0) = / {H' G)' {s)ds = -AmSn,a F{s)^ K{s)G{<d, s)(is. 

Jo ' Jo 

Dividing G(0, t) and integrating from to T, we obtain 

0-H{0) = H'{0) [ G{t,0)dt-4mSn,a [ dt [ F{s)^ K{s)G{t, s)ds. 
Jo ' Jo Jo 

□ 

The drawback of the above Theorem is that the extra terms are not explicit. Fortunately we 
can use simple estimates to reach Theorem [O] 

Proof of Theorem [O] We first assume that w = where uq G C^(M") is positive and 
satisfies that (no*)o,i can be extended to a positive function near the origin. By Lemma [6m 

/ <,sr+M >(m+l)5-U / n-+M =--b. 
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By Lemma [6?T] again, we have hT < Therefore, 

r-T rT 1 _ -bT 

/ G(t,0)dt< / e-^'dt = 

Jo Jo " 

-1 — n_ / /■ \ 2rj/n 

m + 1 VJir" / 

Hence ([TSl l holds for w = where uq S C^(M") is posidve and satisfies that (n[J^)o,i can be 
extended to a positive function near the origin. 

For any nonnegative n G (7^ (M"), we consider = u + £{jj^^)^2~ withe > 0. Then 
([TSl l holds for u)£. By sending e — 0, we have ([TSl l for n. Finally, Theorem 1 1 . 3 1 folio ws from a 
density argument. □ 



A Uniqueness theorem for negative gradient flow involving nonlo- 
cal operator 

In this appendix, we provide a uniqueness theorem for fractional Yamabe flows, which is analog 
to L. Simon's uniqueness Theorem in 168]. The proofs are essentially the same and we will 
just sketch them in our setting. Denote as the closure of C°°(S") under the norm 



l|w||j/-(S") = / vPa{v). 

Let a € (0, 1) such that 2(T + a is not an integer. Let J be the functional defined as 

J{v) = \f VP^V)-- ^7T7— VGH'^iSn. 

2 7§n (1 - m)(iV + 1) 7gn 



Then 



Let V be such that VJ{v) = 0. 



VJ{v) = P„{v) - -^v^. 

1 — m 



Theorem A.l. There exist 9 G (0, 1/2) and tq > such that for any v G C^'^+"(S") with 
\\v — 'i;||c2<T+Q < ro, 

\\VJ{v)U^is-)>\J{v)-J{vt-<^. 

Proof. Since we have Schauder estimates (see, e.g., BSl ) and L? estimates (which is free from 
equivalence of definitions of fractional Sobolev spaces on ) for P^, the proof is identical to 
that of Theorem 3 in IMl • □ 
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Let v{x, s) and v be as in Section [5] Then direction computations and uniform bounds of 
v{x, s) yield the following lemma 

Lemma A.l. There exist two constant cq and Tq such that for any t > Tqwc have 
Theorem A.2. 

lim \\v{-,s) - v\\cHS") = 

for any positive integer I. 

Proof. First we can prove that v{-,t) converges to v in C^'^^"(S"), using the same methods 
as the proof of Proposition 21 in [I j or the proof of Theorem 1 in [|40J . Then Theorem IA.2I 
follows from the uniform C'+^ bound of v{x, s). □ 



Similarly if 

S(z) = 



S{z)= ^^"^^^^^\ , zeH'^iS^), 



then 

2 



Let v{x,t) and v^o be as in Theorem ll.il Note that VS'(?;oo) = 0. 
Theorem A.3. There exist € (0, 1 /2) and ro > such that for any \\v — Voo\\(j2a+ci < rg, 

\\VS{v)U2^sn)>\Siv)-S{v^)\'-'. 
Lemma A.2. There exist two constant cq and Tq such that for any t > Tqwc have 
d 



ds 

Theorem A.4. 

t— >oo 

for any positive integer I. 



S{V{-,S)) > Co||ft||L2(S„)||VS'(v(-,t))||j^2(Sn). 

lim \\v{-,t) - v^\\ci(sn) = 
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B Some interpolation inequalities 

Lemma B.l. Suppose that < a < min(l, 2a) and 2a + a is not an integer. There exists a 
constant C > depending only on n and a such that for any e > and u G C^'^^"'^"*' (Qr). 
we have 

\utW,QT ^ ^^[^t]a,#;QT + C'^~^'^^"I^|0;Qt. (55) 
\{-/\Yu\q,q^ < e[u\2a+a,l+^;QT + Ce'^'^/" |u| 0;Q^ , (56) 



If a > }y, then 



< eM2,+„,i+^.Q^ + Ce-"/(2-)|^,|o.Q^. (57) 



[VMa,^;QT < eM2a+a,l+^-Qr + Ce-(l+")/(2-l) |n|o;Q^ . (58) 



Proof. By the fractional parabolic dilations of the form u{x, t) — )• u{Rx, R^^t), we only need 
to show the case e = 1 and T = 2. Take X = (x, t) G Qt and we have, for some 9 G (—1, 1), 

\ut{X)\ < \ut{X) - {u{x, t±l)- u{x, t)) I + 2|n|o;Q^ 

= \M^) - ut{x,t + e)\ + 2|u|o;Qt < Hc,,ji;Qy + 2|u|o;Qt. 



This finishes the proof of (1551) . For (1561) and (1571) . we first recall (see, e.g., [69]) that 

k|2a+a;R" < C(|u;|o;Rn + |(- A)"«;| ) for all w G C72-+"(M"). 



Hence 



|(-A)'^n(x,t)| < C(|n(-,t)|o;Rn + |n(-, t)|c2a+c(Kn)) 

< C{\u\q.Q^ + [(-A)'"u]„,^.Qj,) < C([n]2a+a,l + ^;Qj, + \u\q-Qt). 



and 

- n(x,t2)| , \u{xi,t) - u{x2,t)\ 
[n]« - .Qj, < sup ■ -Ti + sup . 

< C{\u\o-Qj, + \ut\o;Qj, +SUp|n(-,t)|2a+a;R'0 

t 

Finally, for o" > ^ we notice that by the same methods as above, 

\VxU{xi,t) -VxU{x2,t)\ . , , I I ^ 
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Hence to prove (1581) . we only need to show 

|Va;'u(x,s) - V^u(x,t)| . , , I I ^ 

sup : < C{[u]2a+a,l+^;QT + I«Io;Qt)- 

Fix any xq G M". Let w{x,t) = {—Ayu{x,t) and ri{x) be a smooth cut-off function sup- 
ported in B2{xo) G M" and equal to 1 in Si(xo). Let 



For convenience we have omitted some positive constant as in (fT6l) . Then 

(— A)'^(no(a;, t) — u{x, t) — uq{x, s) + u{x, s)) = in Bi{xo), 
which implies, for < |t — s| < 1, 

\VxUo{xo, t) - Vxu{xo, t) - Vj:Uo{xo, s) + V^n(a;o, s)\ 

< C\uo{x,t) -U{x,t) -Uo{x,s) +M(x,s)|ioo(iRn) 

< C{\ut\o;Qj, + [n]2^+„,i+j^;Q^)|t - s\^. 

Since cr > 1/2 and 

V.no(xo, = {2a - n) j^^ _ ^y, 

we have 

\VxUQ{xo,t) - VxUq{xq,s)\ < C[u]2cr+a,l+f;^-QT\t " ■ 

Thus together with (l55l ) 



sup ^ < C([nj2a+a,i+:f;QT + fIoiQt) 



This finishes the proof of (1581) . □ 

Lemma B.2. Suppose that < a < min(l, 2a) and 2a + a is not an integer. For any small 
e > 0, there exists a constant C(e) > depending only on n,a and e such that for any 
V e C2'^+°'^+3^(Qt), we have 

\vtW,QT < e[^t]a,^;ST + C'(e)b|o;ST> (59) 

\PaV\Q-QT < e[v]2a+a,l+^;QT + C{e)\v\o-QT, (60) 

['"U^iQt ^ 4v]2a+a,l+^;QT + C {e)\v\o;Qj, ■ (61) 
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Proof. Using stereographic projections, © and noticing that \x — y\ > Cn\F{x) — F{y)\, the 
above inequalities follows from Lemma [BTT] □ 

Lemma B.3. Suppose that < a < min(l,2cr) and 2a + a is not an integer. Let u G 
^2(7+a,i+^ ^Q^-^ W 7] G C^{W'^^), then for any e > 0, there exists C{e) > depending 
only on a, a, n, e and ||^/||c2(R"+i) ■^"c/j that 



(62) 



Proof. We denote C as various constants depending only on n, a, a, \\r]\\(j2(^n+iy and C{e) as 
various constants depending only on n,a,a, ||??||c2(R"+i) and e. Recall that (n, ??) is defined 
in (|35] ). For any (x, t) G Qi, 



\{u,ri){x,t)\ < c{n,a 

+ c{n,a) 



\u{x,t) - u{y,t)\\r]{x,t) - r]{y,t)\ 



h2(T 



\Bi(x) |x-y|"+' 

\u{x,t) - u{y,t)\\r]{x,t) - r]{y,t)\ 

Bi(x) 



dy 



dy 



\x - y|"+2<7 

Fix any Xi = {xi,ti), X2 = {x2,t2) G Qi, Xi ^ X2. For convenience, we write p 
p{Xi,X2) and u^{x,t) = u{x,t) — u{x + z,t). We may also suppose that p < 1. 



\{u,r]){xi,ti) - {u,r]){x2,t2)\ 
< 



+ 



+ 



+ 



kl<p 



kl<p 



kl>p 



(n^(xi,ti) - 


U%X2,t2))v%Xi,ti) 




|^|n+2(T 


{ri%xi,ti) - 






|2|n+2(T 


(n^(2;i,ti) - 


^i''(a;2,i2))??''(a:i,ti) 




|^|n+2(T 


(7/^(xi,ti) - 


V^ix2,t2))u%X2,t2) 


|2|n+2(T 



dz 



dz 



dz 



dz 



:= I1+I2+I3 + h 
For Ii and I2, we first consider that 2a + a < 1. Then by change of variable, 



h + h < C max 



ax[li(-,tj)]a+^;Kn / I 
1'2 -'kl<P 



I o+fT+l— n— 2cr 



dz < Cmax[n(-,ti)]Q+^;Knp 

i=l,2 



l+a—cr 
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If 1 < a + 2(7 < 2, we have 



«=1,2 7|2|<p 1=1,2 

If 2(7 + a > 2, then 



h < 



+ 



L 
I 

J\z\ 



|2|<P Fl 

(Vj;'u(xi, - Va;it(x2, t2)-2)'7^(a;i, ti) , 

^ az 



dz 



i\z\<p 

< C sup I V^«| / Izl^-"-^'^ d2 + C[V,«]«,^;Q^p" / dz 
Similarly 

h < C\Vxu\o;Q, [ 2- dz + C\VMo;Q,p'' / kp-"-'" dz 

J\z\<p •J\^\<P 
< p''{e[u]2a+a,l+^;QT + C {e)\u\o.Q^) . 

For /a and ^ we first consider that cr < ^- Choose an a' > o; but sufficiently close to a 
such that a' < min(l, 2a), then 



"'2o-''^l J\z\>p ":2cr''^l 

/4 < Cp"'[u(-,t2)]2a+a-a';M" / dz < C[u(-, ^2)]2a+a-a';Mnp"■ 

"'UI>/9 



'\z\>P 

If (7 > i and 2(7 + a < 2, then 



/4 < Cp2-+«-l|V«(-,t2)|0;r / l^r-'-'^dz < C\Vu{;t2)\0;Rnp'^. 

J\z\>o 



'\z\>P 

If 2(7 + a > 2, then for p < |^;| < 1, we have 

\u'^{xi,ti)-u\x2)\ < \Vlu\o-Q^\xi-X2\\z\ + \ut\o-Qi\tl-t2\ < | V^u|o;Qi p|z| + | |o;Qi Ip^"". 
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Hence 



h < 



+ 



\n+2(T 



dz 



1>|2|>P 1^1 

kl>l 



\n+2a 



dz 



< C\Vlu\o-Q,p [ 
Jl 



|2-n-2(7 



l>kl>P 



dz + C\ut\o;Q,p'^'' 

Jl. 



|l-n-2(T 



l>kl>P 



J\z\>l 

<C(|V^u|o;Qi + |^^t|0;Qi + M«,^;qJp" 

Similarly for /4 we have 

h < C|V^n|o;QiP". 

Combining these and applying some interpolation inequalities in Lemma [BTT] we reach ( [62l ). 

□ 
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